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MATEMATUUYUECKUN KPYJXKOK

[leBATHAOLATH
[10Ka3aTes1bCTB
TeopeMbl EBKNMAA

A.3BHUH

CYHIECTBYIOT TEOPEMDI, KOTOPBIE
00J1a/1aI0T Y/IMBUTEJIbHON TTPHUBJIE-
KaTeJbHOCTBIO: MATEMATHKU He YCTAIOT B
TeYyeHWe MHOTHMX JIeT HaXO/JUThb BCE HO-
BbIE€ U HOBbIE UX JIOKA3aTE/IbCTBA.

NsBectno 6osiee 350 pa3andHbIX [10-
kazaresbeTB TeopeMbl [Tudaropa. MHo-
rue u3 HuUX cobpanbl B kHure [1], B
MPEUCTIOBUN K KOTOPOI ee aBTOp IIH-
mret: «Mbl XOTeJn MMOKas3aTh Ha Ipo-
CTOM TIpUMepE, BIIPOYEM HMEIOIEM BbI-
jaoiieecst 3HaueHUe KaK C TOYKU 3pe-
HUSI UICTOPUU MATEMATHKU, TaK U ee Tpe-
MoJIaBaHusl, KaK Pa3HOOOPA3HO MOTYT
COTIpUKacaThcsi pa3Hble 06JIacTH MaTe-
MaTUKM, KaK TECHO OBIBAIOT CILJIETEHbI
Matemarndeckue ¢axkTbl, 06pa3ys He
1IeTTb, HO CETH>.

ITH CJIOBA B TIOJHON MepPe OIUCHIBAIOT
¥ 1eJIb JJAHHOUM CTaThu, IOCBSIIEHHON
TeopeMe, KOTOpasi MOJIOKE TEeOPEeMbI
IMucdaropa ua 200 ser u Gorra chopmy-
JINPOBaHa M JIOKa3aHa [[PEBHEIPEUECKUM
MareMatukoM EBKJINOM B ero 3HAMeHU-
Toll kKHUTEe «Hauamay.

Teopema. Mnoxecmeo npocmoLx uu-
cesn beckoneuno.

Mpb! npurmaniaeM 4uTartess MO3HAKO-
MUTBCSI C KOJUIEKIIMEH /T0KA3aTeTbCTB
teopeMbl EBKn/1a. BoJIbIIMHCTBO U3 HUX
BIIOJIHE 3JieMeHTapHbI. [IJIS MOHUMAHUS
HEKOTOPBIX TpeOyeTcss 3HaHWEe HavyaJlb-
HBIX TOHSITHIT TEOPUU YHCJOBBIX PSIJIOB.
[list Toro uTo6bl pa3oGpaTbhCsi B TOOJIO-
IMYECKOM JIOKA3aTeJIbCTBE, PA3yMeeTcs,
HYJKHO 3HATb OIpe/leJIeHNe TOTOJIOTU-
YECKOTO TPOCTPAHCTBA.

OCHOBHBIMU MCTOYHUKAMU TIPU HATIU-
CaHWM CTaThbW TOCHYKuau Kuuru [3],
[4], [5], a rakxe crpanuiia B InTepHere
[7].

Haunem ¢ kiaccuueckoro (aBTopcko-
ro!) J0Ka3aTe/IbCTBA.

1 (EBxmmup, III B. m0 H.3.). IIpearo-
JIO3KHUM, YTO MHOKECTBO TIPOCTHIX YHCEJT
KOHEYHO M p — caMoe GOJIbIIIoe TPOCTOe
yucyo. Pacemorpum umciio R, Kotopoe
6oJibllle TIPOU3BEIEHUsT BCEX TIPOCTHIX

qyuceJ Ha €AUHUILY:
k=2[B50.0p+1.

Yucso k He MMeeT TPOCTHIX JIETHUTEJEH,
TaK Kak [IpH JeJIeHUH Ha J1000e IIPocToe
Yuca0 JaeT B octatke 1. Mexay TeM,
JIETKO TPOBEPUTDH, YTO HAWMEHDIINN Jie-
Jquresib m > 1 HaTypasbHOrO umcia k,
60JbIIIeTo 1, SIBJISETCS IPOCTBIM YHCIOM.
[Tonyuyennoe mpoTuBOpeYne JOKA3bIBALT
TeopeMy. O

2 (Kymmep). CyTb [10Ka3aresbCcTBa
EBKJMJIa cocTOUT B TOM, 4TO B HPE/IIO-
JIO)KEHMM KOHEYHOCTH MHOXKECTBA IPO-
CTBIX YHMCEJ CTPOUTCS HEKOTOPOE YHCJIO
k, KOTOpOE He /e MTCS HU Ha OJHO U3
mpocTeIX umces. Hemerknii maTeMaTtuk
Kymmep nomensin B paccyskaennn EBk-
JINJ1a JINIb OJINH 3HAK, OIPE/IEIUB YHCJIO0
k Tak:

k=2[B0.0p-1.

OT B3aUMHO MpPOCTbIX Yucen
K NPOCTbIM

JlokazaresibcTBa, COOpaHHbBIE B 3TOM
pasziesie, ONMPAIOTCS HA CJEAYIOINLYIO
IIPOCTYIO JIEMMY .

Jemma 1. Ecau cyuecmeyem 6Gecko-
Heunas noced08amebHoCmy NONAPHO
B3AUMHO NPOCMBIX YUCET, MO MHOXe-
CMBO NPOCMBIX YUCES OECKOHEUHO.

JleficTBUTEIbHO, Y B3aUMHO MPOCTHIX
qrceJa HeT OGIIUX MPOCTBIX JenTeel.
[Toaromy, B3sB 110 OJHOMY IIPOCTOMY
JIEJTUTEJTIO YJIEHOB YIIOMSIHYTOM MOCJIe/10-
BaTEeJIbHOCTH, Mbl IOJYYUM HEKOTOPOE
6ECKOHEYHOE MHOKECTBO, BCE DJIEMEHTHI
KOTOPOTO CyTb IPOCTbIe Ynucaa. [

Tenepb neno 3a Tem, 4TOOBI HAWTH
OeCKOHEUHbIE TI0CJIe0BATEIbHOCTH II0-
MapHO B3aMMHO TPOCTBIX YHUCEJ.

3 (CuabBectp). Paccmorpum mociie-
JIOBATEILHOCTD (d,,) , OIIPE/EISEMYIO CO-
OTHOWICHUAMU d; = 2, @), = aZ —a, +
+ 1, k 0N . Bor nepBble HECKOJIBKO U.Te-
HOB 3TOIl IlocJegoBareJabHOCTH: 2, 3, 7,
43. [loxkaskeM 10 WHAYKIMH, YTO JJISI

mio6oro n ON nMeer MecTo PaBEHCTBO

a,,=a o, 0.0, [, +1. (1)

n+l n—1
Basa undyxyuu TpuBuajbHa.
Hnoyxuyuonnwviii waz. CooTHOIIEHUE

_ - 2 _

Upoy = Gy Ay T 1= @y = @yt

+ 1 PaBHOCUIIBHO TOMY, YTO d,d,...d; =

=y — 1
W3 (1) cremyer, 4YTO KaskIblil ujeH

nocJegoBaresbiocTn  CusibBecTpa B3a-

MMHO ITPOCT €O BCEMHE MPEABIAYIUMHE. [

27[
4 (Toambabax). Ilycrs a, =2° +1.
JlokaskeM, 4TO JTIOGDIE ABA YICJIA HOCJIe-
ZI0BATEJBHOCTH

3,517,...,2° +1,...

BzauMHo mpoctbl.! Beas jokasaresb-

CTBO OT MIPOTUBHOTO, MPE/IITOJIOKUM, YTO
vyucaa a, i a,, rue n > k, He ABJIAIOTCS
B3aWMHO ITPOCTBIMH, T.€. UMEIOT HEKOTO-
polit 061uii MHOKHTEND d > 1. 3ameTumM,
YTO paccMaTpuBaeMas IMOCJeI0BaTe -
HOCTb COCTOMUT U3 HEUETHBIX YHCEJI, I10-
stomy d > 2. TIpuMeHUM Terepb JIETKO
IpOBEpPSIEMOEe TOKIECTBO

(1+2)1+ 22)(1 +2” ) x

x (1+223j...(1+22n_1)=22" -1,

Omno mokaspIBaeT, YTO 4UCIO 4, — 2 =
27[
=2 -1 genurca Ha g, a 320[IHO U Ha

d.Tornau2=a, - (an - 2) JIEJIUTCS Ha
d, 4TO HEBO3MOXKHO. [

3. YkaxkeM OO6MIYI0 KOHCTPYKIIHIO,
YACTHBIMU CJIYYASMHI KOTOPOH SIBJISIOTCSI
MOCJTEIOBATETHHOCTH U3 JABYX TIPE/IBI/Y-
IUX J0Ka3aTeJbCTB.

Tlyectb @ w b — B3aUMHO TPOCTHIE
yricsia. OTpees M Moc/IeJ0BaTeIbHOCTD
(a,) caenyiomum o6pasom: a, = a, a,,, =
= a,a,...a, + b. OTMeTM, 4TO MOCTENO-
BaTEC/IbHOCTU U3 ABYX IIPEAbIAYLIUX J0-
Ka3aTeJIbCTB TOJyJatoTes npu a =2, b =
=1ua=1, b= 2 coorBeTCTBEHHO.

JlokaskeM, uTo J0Oble JBa 3JIEMEHTa
[10CJIe10BATEIbHOCTH (an) — B3aWMHO
[IPOCThIE YKCJIa. 3aMeTUM CHAayasia, 4To
npu n > k wucno a, — b = aa,...a,_,
nemutcsiHa @, (06o3HavaT: @, —bia, ).
[Iycts d — o6muil gemuTe b Yuces a, u
a,. Us toro, uro a,:d n a, — bia,:d,
crenyer b:d.

" YQucaa dannoii nocredosamenviocmu
nasviearomes uucaamu Depma, Komopwii
3amemut, umo amu yucaa npun =10, 1, 2, 3,
4 A6a510MCL NPOCMBIMU, U NPEONOSOKUIL,
4mo mo xe 6ydem eepno as 1106020 3nae-
HUsl N, 8 YeM CUNbHO OWUOCs: yxe ds —
cocmaesnoe uucao. Boaee mozo, 6 nacmosuee
spems neusgecmmno nu 00no uucio Depma
npu n > 4, 361310Weecs NPOCMoLM.
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BuoBb nipumenum uHAyKIMO. basa ee
OYEBHU/IHA.

[Ipenmnonoxum, 4to Ay Ay, ey Ay —
MOTNIApHO B3aUMHO MPOCThIe unca. IIycTb
d > 1 — npou3BOJIbHBIN JeJUTENb YUCTIA
a,,, - Joxaxem, 4To0 d He ABIACTCA J1e/TH-
TeJIeM YuCen d, d,, ..., d,. Paccyxnasa
OT MPOTUBHOTO, 0003HAYKNM Yepe3 i Hau-
MeHbIITee 4NCJI0, JJIS KOTOporo a,:d.
Ecm i > 1, 10 a; = a,a,...a,_, +bid
u, TOCKOJbKY b:d, mpousBemeHme
a,a,...a,_; TaKxe Jenurcsa Ha d, uTo
MIPOTHBOPEYUT B3AUMHOMN TIPOCTOTE YHC-
Jla @, € TPeJEeCTBYIOIUMU YJIeHaMu
nocefioBatesbHoCTH. Ecm sxe i = 1, ToO
a, = a jemitcd Ha d, 4TO BHOBb HPHBO-
it K nporusopeunio (@ u b — BzauMHo
npocTeie yucaa). O

6. O6o61HTDL KOHCTPYKITHIO CHIbBECT-
pa MOKHO M TIo-Apyromy. Ilycrb a,
=a22, a,, =1+ afa, ~1)b,, rae
(bﬂ) — TIPOU3BOJIbHAS TOCJIEIOBATEb-
HOCTh HATYPAJbHBIX YHCET. 3aMeTHM,
YTO TI0CJIe[0BaTeIbHOCTh CUThbBECTpPA 110~
JIy49aeTcsl, eCJII IONOXKATL @ = 2, b, = 1.

Opna u3 3aga4 XII Beecoiosnoii oinim-
nuazbl B 1978 rogy Gblia ciemyionieii:

Hycmo f(x) = 2> —x+1,a>1 -
namypanvroe wucao. [Joxaxume, umo
yucaa 6ecKoneunol nocied06ame bHo-
cmu a, f(a), f(f(a), f(f(f(a)),
NONAPHO 83AUMHO NPOCTNYL.

Hetpynno Buzeth, uTo ecam B Hamiei
KOHCTPYKIIUH B3ATh b, a, +1, 10
BO3HUKHET YKa3aHHAsl I10CJEe0BaTeb-
HOCTb.

JlokaskeM, YTO IIOCJIE0BATEIbHOCTD
(an) COCTOWT U3 MOTIAPHO B3aUMHO TIPO-
cThIX unces. [eiicTBuresbHo, ecau m >
>k, 1O
a, -1:a,  —-1ia,, -1:.:q,, -1,
OTKyZa a,, = 1(modak), T.C. A, W a4, —
B3aMMHO 1IPOCThe uncia. 2 O

[l masibHelIero HaM MMOHAA00UTCS
CJIeIYIONINI pe3yJIbTar.

Jemma 2. Ilycmv k > 1, a, b —
namypanvhoie uucaa. Tozda

(K" —1,K =1) = k(@ —1,

20e (x, y) obosnauaem mnauborvuuil
obuuil Oeaumeny wuces X u y.
JlokazaTenabcTBo. PaccMOTpuM CcHa-
yaja ciaydait, korma @ kpatno b. Torma
U1 HEKOTOPOTO ¢ uMeeM a = bq u (a, b)=
=b. JlokaspiBaeMOe PaBEHCTBO PHOGPE-
Taer BU/[ (k“ -1, £ —1) =k - 1u
PaBHOCHIIBHO TOMy, 4T0 R’ — 1 KpartHo

20 cpasnenusx, manoti meopeme Depma
u pynxyuu Jiinepa, komopvie 6cmpemamcs
wumamento 6 IMOU cmamve, NOOPOOGHO pac-
cxasano ¢ cmamve B.Cendeposa u A. Cnusa-
xa «Manas meopema Depma» (<Keanm»
Not, 3, 4 3a 2000 2.).

KBAHT:- 2001/Nel

b
k” — 1. Tlocneanee yTBepxK/eHUe JIETKO
b b\7
JIOKA3aTh: k“—1=k”—1=(k ) -1
b
pemurcs Ha k- — 1.

IIyctb Teneps a He jenutcs Ha b, T.e.
a=bq+r,0<r<b. Umeem: i —1=
= k"7 — 1= k(K" 1) + B~ 1. Kax
nokazano Borme, k7 — 1 gemmres ma k-
— 1. Kpome toro, 0 < k" —1 < k” — 1.
Taxum oépglsoM, OCTATOK OT JeJICHUS
k* —1ma k” — 1 pasen k" — 1. Ilostomy
(k" =1,B" =1) = (K" =1,k" =1). Hc-
0JIb3ysl COOTHOMIEHUS afroput™Ma EBK-
mgaa=bq, +r,b=rq +r,r
=Gy T T G T T
= q,r,, UOJYyYaeM LEINOUKY DPABEHCTB

(=1, " =1) = (" -1,k" -1) =
= (K" =1k =1) == (k-1 R 1)

= k" -1 = k(a’b) — 1. ComnocraBisist
HAYAJI0 ¥ KOHEI[ 3TOH IEeMOYKH, MOJIyYa-
eM Tpebyemoe.

Caexncreue. Ecau m u n 63aummno
NPOCbL, O 83AUMHO NPOCMbIMU 6YOYMm
u uucaa 2™ — 1 u 2" — 1.

HeiictBuressho, ecau (m, n) = 1, To
(2" -2 —1) =2"" —q=2' =y =1,
O

7 (Xomuuuckwmii, 1994). TIpexmnoso-
xum, uro F = {n,n,,...,n,} — muoxe-
CTBO BCeX MpoCThIX uncen (n, =2, n,=3,
n, =3, ...). OueBuaHo, 4yto uncia us F
MOMAPHO B3aUMHO TIPOCTbI; B CUJIY CJIE/I-
CTBUA JIEMMBI 2 IIDU { # j 4nCJa 2" =1
u 2" — 1 TaksKe B3anMHO pOCTbI. BbiGe-
peM rterepb s Kakgoro i =1, 2, ..., k
KaKoii-nuOyab 1pocToil aeauTenb p;
upcaa 2" — 1; uncna Pir Py s Py
6yayT MOMapHoO pas3jndHbl. B pesyJbra-
Te oOpasyercss MHoxecTtBO G =

={p;Pys-r p } mpOCTBIX UHCET (P
=3, p, =7, p3 =31, ...). Bce anemeHTsI
G cyrtb HederHble umcaa. IlockosbKy
mHoxkectBa F u G cozpep:ar IOPOBHY
aseMenToB, 2 OF u 2 0G, nemaeM BbI-
BOJI, uTO B G HAJIeTCS YUCJI0, HE BXO/S-
mee B F. [Ipunim k nmpotuBopednio. O

Korpa uncno nmeert «MHOro»
NPOCTbIX Aenutenen

Hosble foka3aresbeTBa TeopeMbl EBK-
JIIJIA MOJKHO TTOJIYYHTD, CTPOS TIOCJIe0-
BaTEJbHOCTH (aﬂ), JUIST KOTOPBIX YHCJIO
MIPOCTBIX JIeJIUTesIe n-TO 4JeHa IocJIe-
JIOBATEJbHOCTH HEOTPAaHUYEHHO BO3PAC-
Taer.

27[
8. JlokasxkeM, 4TO YHUCJIO a, =2 +

217—1
+2° 41 umeer He MeHee 1 PA3JINYHDIX

MPOCTBIX MHOKUTEJEN. ,
4
B ToxpecrtBe x + x° + 1

= (x2 +1- x)(x2 +1 +x) IMOJIOKUM X =

n-1

=2 . [Momyamm

n+1 n
a. =22 427 +1=

_ (2211 + 1 _ 2211—1 ](2217 + 1 + 2271—1 ) _
P 27171
= (2 +1-2 )an.

Takum o6pa30M, aﬂ+1 JACJIUTCA Ha dn.

2n 21171 2n 21171
Yucna 2° —2 +luwa,=2" +2° +
+ 1 B3aMMHO IIPOCTBI, TaK KaK ecJiu Gbl y
HUX 6bL1 o6muil (HedeTHDI) MHOXU-

n-1

Tesb g, To MX pasnocth 2° ! gesmach
6bl HA ¢, 4TO HEBEPHO. 3HAYWUT, IPH
nepexose or a, K d,., YUCJIO MPOCTHIX
npenureneil ysesuuusaerca. Iloatomy y
7-TO 4JieHa paccMaTpUBAEMOH 1OCJIe/0-
BaTeJIbHOCTH He MeHee 72 PasJIMYHbIX
MPOCTBIX JlesuTesieit. O

9. Cuenyromee NOKa3aTelIbCTBO BO3-
HUKAET B Pe3yJIbTaTe pacCCMOTPEHUS T1pe/i-
CTaBJIeHUS Yucsaa n! B BUJE IPOU3Be/ie-
HUS CTETeHel TPOCThIX YUCET:

n!=|_|pf”.

psn
Kak m3BeCcTHO, KpaTHOCTDH [, » TPOCTOTO
YHUCJIA P B KAHOHMYECKOM DPA3JIOXKEHHN
yucjaa n! ompepensiercss Tak: f,,

- z [n/ p" ] OTCI0/1a [0JIyYaeM OLEHKY

k=1
A KPAaTHOCTU f :
P

n n
e T
k p P
13 KOTOPOM CJIEyeT, 4To

i
-1
Vn! < I_l p’ )
pln
(npousseenne Gepercss MO BCEM TIPO-
cTbiM sieuTenisiM n). Ternepb JoKaxeM
HEPaBEHCTBO

Unl znfe. (3)

OHO pPaBHOCHJIBHO CJIEAYIOLIEMY Hepa-
BEHCTBY:

1
—(In2+In3+...+Inn) 2lnn -1,
n

[Moceiee [IOKa3bIBAETCS CYyMMUPOBa-
k

HUEM HepaBeHCTB Ink > J.ln xdx, TI€
k-1

k=1,2, .., n

1 17
—(In2+In3+...+Inn) Z—Jlnxdx =
n n

1

(nlnn-n+1) =

S| =

1 n

= ;(aclnac—x)|1
1

=lnn-1+—>Ilnn -1.
n



Conocrasus HepasenctBa (2) u (3),

1oJIy9Ynum
1

[ = g 1)

pln
Eciu 6bI MHOKECTBO TPOCTBIX YHCEJ

GbLIIO KOHEYHO, TO JIEBAsl YACTh HEPABEH-
crBa (4) He Morsa Gbl GBITH CKOJIBKO
yroguo Goubmoi Borpeku (4). Touy-
YEHHOE MPOTHBOPEYHE JOKA3bIBAET TEO-
pemy EBkmupa. O

10. Tycrb P(x) — MHOrOUJIEH C HeJbI-
mu koadpurmentamu. Hazosem unciio k
nesuresieM MHorouena P(x), ecau s
HEKOTOPOTO HATYPaJIbHOTO 1 uncio P(n)
nemures Ha k. Jlokaxkem, uTO cpeau
neauteseil Muorounena P(x) crenenu
>1 GECKOHEYHO MHOTO IIPOCTHIX YUCEJL.

[IpeanonoKuM, 4T0 3TO HE Tak, W
CIMCOK NPOCTHIX flesuTedeii P(x) ncuep-
IIBIBACTCS YHCTAMU P, Py, -y P, -

Hycrb P(a) = b 2 0. Paccmorpum MHO-
rounen Q(x) = Pla+ bp1p2...psx)/b.
Mockonbky P(a+bpp,..px) -
— P(a)ibp,p,...p,, umeem

Ofx)-1=

- Pa+bp,p,...p,x) = P(a)

= bp,py.. Py
b

¥ 3HAYAT, YHCHA P, ..., P, HE ABIAIOTCS

pemurensvu Q(x). Muorounen O(x),
KaK BCSIKWM MHOTOYJIEH, OTJUYHBIA OT
KOHCTAHTBI, NPUHUMAET KaKI0e CBOE
3HaueHNe KOHEYHOe YncJIo pas. [Toaromy
cpey ero 3HaYeHUil eCTh YnCJia, He PaB-
uple 0,1 n —1, B cuiry 4ero y Hero ectb
pocTbie geautean. Mexay TeM BCIKUi
JeJiuTeN b MHOrowieHa Q sBJSIETCS WU
JleJinTesieM MHOTOWIeHa P, Tak Kak mnpu
t=a+ bpp,... p,x BbIIOJHACTCS PaBCH-
creo P(t) = bO(x).

Urax, muorounen P(x) umeer mpo-
CTOH JIe/INTeIb, OTIMYHBIA OT P, , ..., P, .
IIportuBopeune. O

B uwacrtHOCTH, /171 BCsSKO# apudmern-
veckoii mporpeccnu a, = a, + (n-1)d,
rme d #0, a0Z, coBoKymHOCTH TIPO-
CTBIX JIeJIUTEIEl ee 4IeHOB OeCKOHeYHa.

3uamenuras reopema J[upuxJe yreep-
KIAeT, 4T0 ecau a, u d — 63aUMHO
npocmoie ucid, mo cpeou 4ieHos apug-
MEMmuUecKoll npoepeccull ¢ NepeviM uie-
HOM @, u pazuocmuio d codepumcs
6eckoneurno mnozo npocmuix wucer.> B

3 Humepecno ommemumo, umo nu 0ns
00020 mHozounena P(x) cmenenu 6orvue 1

ne doxasano, umo cpedu uucen P(n), n ON,
6eckoneuno mnuozo npocmuix ([2], [4]). B mo
Ke_epeMs MHOZOUNCH OM O6YX NepeMennvly
ax’ + bxy + cyz, 20e a, b u ¢ — 3aumno

npocmote wucad, cpedu ceoux snauenuii (npu
HAMYPAIOHUIX 3HAYCHUSX APZYMEHINOB) CO-
Oepkum GecKkoHeuHo MHO20 NPOCIbIX Huce.l

([6]).

MATEMATUUYECKUNW KPYJXOK

CJIeIYIONIeM pa3jiesie Mbl PAcCMOTPUM
HEKOTOpbIE TIPOCTENIIe YaCTHBIE CJIy-
yanl 3TOW TeOPEMBbI.

YacTtHble cnyyau Teopembl
Auvpuxne

11. Cywecmsyem Geckoneurno mmozo
npocmoix wucen uda 3n + 2.

IIycrb aT0 HE Tak U p; = 2, p, = 5,
ps = 11, ..., p, — BCe IPOCTBIE YUCJA
yKazaHHOro BHuAa. Paccmorpum umcio
k = 3p,p,...p, — 1. Ouenuano, k me
JIeTIUTCA Ha 3, a TaKXKe HA Py, Py, ..., P;-
Ecuu 661 Bce €ro TIpoCTbIe JIeJTUTENH MIPH
JejeHnu Ha 3 gaBaju octaTok 1, To TeM
JKe CBOMCTBOM 006.J1a/1a710 OBl U 4KCIO0 R,
YTO HEBEPHO. 3HAUUT, y 4YucjIa k ecTb
IIPOCTO# JiesTe] b ¢ Buja ¢ = 3n + 2.
Yucso g oTmM4HO OT )y, ..., p,. [Ipotn-
Bopeune. O

Acno, uro ecsm 3n + 2 — mpocroe
YHCJI0, TO 72 HeueTHO. [loaToMy JoKasan-
HOE YTBEpIK/JEHHE PAaBHOCHJIBHO TOMY,
YTO CYIIECTBYET GECKOHEYHO MHOTO IIPO-
CTBIX unces Buja 6n + 5. Bosee cioskHO
JIOKA3bIBACTCS TaKOil (haKT.

12. Cywecmsyem Geckoneurno mmozo
npocmoix wucen uda 6n + 1.

[TpeaBapurenpuo y6eauMcsi B CIipa-
BEJIJIMBOCTH CJIEJYIONIErO YTBEPIKIEHUSI.

Jlemma 3. Besaxutl npocmoil Oeaumens
p > 3 mnozounena x” + x + 1 uneem 6ud
p=6n+1.

[eiictButenbro, ecu p = 3k + 2 n
2+ x o+ 1ip, 10 «° =1(mod p) u
X He gJesaurcss Ha p. Bossexs o6e
YaCTH CPAaBHEHHUsS B CTENEHb k, MOJy-
qm x” =1(mod p). Orciona 27~ =
= x(mod p). C apyroit cTOPOHDI, 1O Ma-
n0ii Teopeme Mepma x”™ = 1(mod p).
Takum o6pasom, x =1(mod p), x? +
+x + 1 =3(mod p) u p geanres na 3.
[TosryyeHHOE TIPOTHBOPEYNE TOBOPUT O
TOM, YTO TIPOCTOE YHUCJO P TIpU JeJie-
HUM Ha 3 JaeT ocraTok 1, a 3Ha4wT,
umeet Bug p =6n + 1. 0O

Tenepp npeanonoxum, uro p, = 7,
p, = 13, ..., p, — BCe IPOCTbIE YHUCJ]A
B 6n + 1. llycto m = p,...p, u k =
=m" +m+ 1. Torga uyncjao m uMeeT BUJ
m=6r+1uk=36r"+18r + 3=
= 3(mod 9). Yucso k HeuerHo, He B
€TCsl CTEIEHDIO 3, M0ITOMY y HEro ecTb
npocroit pesmureab g > 3. Ilo nemme 3
U1 HEKOTOporo n umeeM ¢ = 6n + 1. B
TO XK€ BPEMsI UUCJIO ¢ OTJINYHO OT YUCE]
Pys --» Py, TaK KaK TIPH JICJICHAT R Ha
mo6oe yucao p; B ocrartke Oyzer 1.
ITpotuBopeune nosydyeno. O

PaccyskaeHust MPeAbIAYIIEro MyHKTa
JIOIYCKAIOT 06001IeHNe.

Jemma 4. [Tycmv m u p — ne pasnvie
Opye Opyey npocmovie uucaa. Ecau

-1
p aeasemcs Oeiumenem wucad x"  +
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+ "2+t +x+1,20e x ON, mo
p = 1 (mod m).

Hdoxa3zareabctBo. Ilyctb p = mk + 7,
rner=1, 2, ..., m— 1. HyxHo nokasars,
yro » = 1.

N3 ycaoBus cpasy caenyer:

2

2™ =1(mod p), )

T.€. 9HMCJIO X HE AEJIUTCA Ha p. Y6B,Z[I/IMC$I
CHa4aJia, 4TO

x"™ =1(mod p). (6)

Ecmu p <m, to p = r u (6) BImOIHSICTCSE
B cuity Masoil TeopeMmbl @epma. Ecim

p >m, TO, BO3BeAd o6e yacTu CpaBHEHUA
p-r

(5) B crencHp k = , TIOJTyIUM

x7"

1(mod p). @)

C apyroii cCTOpOHBI, MO0 MaJOl Teopeme
Depma

x"™ =1(mod p). (8)

Boruuras uz (8) cpasuenue (7), nonyya-
—r( rt

eM, uro x” ’(x’ —1) = 0(mod p). Or-

ciozia (IIOCKOJIbKY X He JIeJIUTCS Ha P) U

crexyer (6).

JlokasbiBasi JIeMMy OT [POTHBHOTO,
npeanonoxum, yro r > 1. Torga m u
7 — 1 B3auMHO npocTbie yncaa (Tak Kax
m — mpocroe wucao u mzEr — 1).
[Ipumernm gemmy 2:

(xm -1, 2! —1) S ey p—

"3 (5) u (6) caemayer, 4to 4ucjIO p
ABJISACTCS OOIIUM Je/IUTEIeM YHcea X —
—1u 2" = 1, 3HaunT, 1 uX HAMGOIDBIIC-
ro o6iiero genautens x — 1. Takum o6pa-
som, x=1(modp). Orcopa P(x)=
=m(mod p), u, Tak Kak MO YCJOBHIO
aemmbl P(x) = 0(mod p), npuxomum K
BBIBO/IY: M [IEJITCSI HA P, YTO HPOTHBO-
pednt ycJjoBuio. 3Hauut, r = 1. O

13. Cywecmsyem Gecxoneuno mmozo
npocmoulx uucen euda mn + 1, 2de m —
npocmoe Yucio.

[oxazareabcTBO. BBenem B paccMoT-
penre MHOTOYJIEH

Plx)=a"" +x" 4 +x” +x +H

Ilycts p,, py, ..., p, — BCE TPOCTbHIC
yucsia puga mn + 1. Onpenesnum anuco R
paBeHCTBOM k = P(p1p2 ...ps) . ITo nemme

4 BCSIKUIT TIPOCTON /lenTes b ¢ Yucaa R
umeet Buj g = mn + 1. B To xe Bpems
YUCJIO ¢ OTJIMYHO OT YUCeN P, ..., Py,
TaK KaK IpH JesieHnn R Ha yiio6oe 4uc/Io
p; B ocrarke Gyzer 1. IIporusopeune
HoJy4yeHo. [
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14. Iycrs 2" >(1+ n)m. JlokaxeM,
yro cpeau yucen 1, 2, 3, ..., 2" cyme-
CTByeT TI0 KpaiiHeil Mmepe m + 1 mpocToe
YHUCIIO.

[Ipeamnonosxkm, cpenn umcea 1, 2, 3,...
..., 2" conepxuTcst S < m TMPOCTBIX UH-
CeN Py, Py, ..., P, Torna kaxoe uucio,
He npesocxozsnee 2", MpeICTaBuMO B
BH/IE pf1 psz pfs , TJle, O4eBU/IHO, KasK-
IbIi TOKa3aTe b CTeneHn k; He 60JIbITe
n. Oanaxo (110 MPaBUITY TPONSBEICHNU )
uncen takoro Buaa (1 +n)", uro Menbie
2" . Tloyuentoe MpoOTUBOPEYME JI0Ka3bl-
BaeT yTBEPIKIEHHE.

ITocKOJIbKY, KaK M3BECTHO M3 aHAJIU-
3a, TNOKazaresibHass (DYHKIMS <«PacTer
6pIcTpee» CTEMeHHOH, W s JT060ro
(cKoJb yroaHo GOJIBLIOro) M IIPH A0CTa-
TOYHO GONBIIMX 7 HepaBeHCTBO 2 >
> (1+n)" uMeeT MeCTO, MOJIYUEHO JOKa-
3aTEJbCTBO GECKOHEYHOCTH MHOMKECTBA
IPOCTHIX ynces. O

15. /lokaskeM CHavajia, 4To CPE/H Yu-
cea {1,2,...,n} He MeHee ueTBEpTH CBO-
6oaHbI OT KBaApatoB (T.€. He JenaTcs Ha
KBaJlpaThl IeJIbIX yncen). 4

Cpean uucen {1,2,...,n} umeem ne
6osee n/p° umcen, AEAIUXCA HA p° .
IToaTOMY KOJIMYECTBO YUCE, JESAIIXCS]
Ha KBaJ[paT MPOCTOTO YNCJIa, He GOJIbIne

o

n n n
271 2
ps< np k=2 ( )

n (1 1 3n
= — + nz pu— = —.
4 kR k+1 4
k=2
Ilyctp Temepn p, ecTb k-e IPOCTOE UHC-
10, k ON. Ilepsble (110 Bo3pacTanuio)
k — 1 npoctbix uncen nopoxzaior 2° !
qrces, CBOGOMHBIX OT KBa/[paTOoB. _1Ho—
STOMY CPE/I {MCe OT 1 no 412 =
= COZIEPIKUTCS TI0 MEHbIIel Mepe k
npoctbix uncesn (B TPOTUBHOM Cilydae
JIOJIS 4KceJi, CBOGOMHBIX OT KBA[PAToB,
Gblta GbI MeHee YETBEPTIL), T.C. P, < A
3TO HE TOJBKO JOKA3bIBAET TEOPEMY
EBxkimpa, HO M jaer OLEHKY CBEpXy
(pasymeercst, J0BOJBHO TPY6YI0) JIst
k-ro mpocroro uncaa. O

FapmoHunyeckun psg
U TPaHCLEHAEHTHOCTb Yucna p

16 (ditnep). [lyis KAXKIOTO MPOCTOTO
4qnCsIa P psift

1 1
T+—t— +— +... (9)

3
p p p
cxonutcst, 6y Iyqr TeOMETPHYECKOiT TTpo-

4 Ommemun, umo ussecmen (ca., nanpu-
mep, [2]) caedyowuil axm: doas uucen,
€60000HbIX Om K8AOPAMOS, 6 Muomegmee

{1,2,...n} ¢ pocmom n cmpemumcs x ? =
=0,6079...

KBAHT:- 2001/Nel

1
rpeccueii co 3HamenaresneM — < 1. Eciu

MPOCTBIX YHUCEJ KOHEYHOE pMHO)KGCTBO
{pypyr-.sps}, 1O, mEpemuOKMB coOT-
BercTByolre uM (I0JI0KUTENbHBIE) CXO-
jauecst paabl (9), BHOBb HOJTyYUM CXO-
nstiuiicst psaa. B To ke Bpemst ero o6iuit

UJICH UMECT BUJL ~7—— 3, T/e ki -

s
172 s
HeOoTpuIlaTe/JIbHbIE IIeJIbIe YhCJjIa. B cuiry

OCHOBHOI1 TeopeMbl apu(dMETUKHN U Clie-
JIAHHOTO IIPEATIOJIOKEHUS PaccMaTpHBa-
eMBbIIl PSiJI COCTOUT M3 BCEX UYUCEJ BUAA
1

—, T.€. ABJIACTCA TapPMOHUYCCKUM DA~

ﬁZOM, KOTOPBDIIi, KAK U3BECTHO, He SIBJISIET-
cs exozsinmest. [poruBopeune. O

Wrak, pacXxoAuMOCTb IapMOHHYECKO-
IO PsI/1a I0Ka3bIBaeT GECKOHEUHOCTb MHO-
skecTBa TpocTbix unces! He menee ynu-
BUTEJbHBIM siBysiercst (pakr, Jernmii B
OCHOBY CJIC/IYIOIIETr0 /I0Ka3aTeIbCTBa.

17. Ing KaXJOTo IIPOCTOTO 4HCJIA P
nMeeM

1 1 1 p’
I+t = - 10)

2 4 6
p P p
Ecau npocThIX 4mces KOHEUHOEe MHOMKe-
CTBO {p1, Pyreees ps}, TO, TIEPEMHOMKUB
COOTBETCTBYIONHE UM (TIOTIOKUTETHHBIE)
exopsuecs psizbt (10), BHOBb MOJTyduM
cxomsAmuiicas psAg ¢ cymmon S =
Pl P p.
= 5—02-0.02
-1 -1 -1
Py P Ps
S — parmonasbaoe yncso. O6mwil wieHn

1
pAla UMEET BU/ 2k 2k, 2k, rae ki

1 2 s
— HeoTpullaTeJIbHbIE IeJIble 4YHhCJia. B

. Jlcno, uro

CUJTy OCHOBHOU TeOpeMbl apu(METUKY U
C/IeJTAaHHOTO IIPe/NOJIOKEHUsT paccMar-
pHBaehiIbIﬁ PSIZL COCTOMT M3 BCEX YUCEJ

Buga —5 . CyMMa TaKkoro psijia, Kax u3se-
n

CTHO, paBHa F . HJISI ToJsrygyeHus nmpoTu-

BOPEYHUS OCTAJIOCH YOEUTHCS B TOM, 4TO

YUCJTIO ? UppaImoHaabHo. [lelicTBu-

TEJbHO, B IIPOTUBHOM CJiy4ae 4ucjo T,
6Gylyuyl KOpPHEM YpaBHEHWsS C paluo-
2

HaJIbHBIMU K03 durienTaMu r - Y =
=0, 6bLT0 6BI YHCJIOM aare6PAIECcKIM,

B TO BpeMs Kak 3To He Tak (1okasaTenb-
CTBO TPAHCLEHAECHTHOCTU YHUCIA TT MOXK-
Ho Haiitu B [4]). O

dyHkuma diinepa

Dynkuus Ditnepa ¢(n) — uncno nary-
PAJIbHBIX YHCEJI, HE TPEBOCXOASIIUX 1 U
B3aUMHO TIPOCTBIX ¢ 7. VI3 ornpeseneHns
CJIE/Iy€eT, YTO €CJIU P — IPOCTOE YHCJIO, TO
¢(p) = p — 1. Ussectno ([4]), uro

QyHKIMS Jiiepa MYyAbMUnIUKamuenda,
T.€. €CJIM YHCJIA 72 ¥ 70 B3AMMHO TIPOCTBI,
10 O(nm) = ¢(n)dp(m) . Loxaxem tenepn
TeopeMy EBKJNA ¢ TIOMOIIBIO (DYHKIIUT
diinepa.

18. Ilpeanomarasi, 4To MHOXKECTBO
IPOCTBIX YHCEJ KOHEYHO W COCTOUT U3
HUCES Py, Py, ---» Py» PACCMOTPUM HX
npoussenenne P = p, Up, U..Op . Hu
OJIHO YHCJIO, KpoMe 1, He MOXKeT ObITb

B3auMHO TIpocTo ¢ P, otkyna ¢(P) = 1.
Capyroiicroponst, §(P) =d(p,p, ... p, )=

= (p1 —1)(p2 —1)...(ps —1) > 1. [Ipotu-
BOpeune. J

Tononoruyeckoe AOKa3aTeNnbCTBO °

19 (Dopcrentepr, 1955). Beenem
Ha MHOXKECTBE IEJbIX YUCET CJelylo-
1yt Tononoruio. OObABUM OMKPbIbL-
MU MHOKECTBA, MPEJICTABUMBIC B BUJE
obbeuHenysT GECKOHEYHBIX apu(MeTH-
4eckux nporpeccuii. [IpoBepka BbITOJ-
HEHUST aKCHOM TOIMOJIOTHYECKOTO TIPO-
CTPAHCTBA HE CJOKHA U TIPENOCTABIISCT-
sl YMTATENo.

PaccMoTrpuM MHOXECTBO 4, =

= {tp|t 0z } OHO He TOJBKO OTKPBITO
(6yayun apudmernyeckoii nporpeccueii
C PA3HOCTBIO P), HO M 3AMKHYMO, TAK KAK
JIOLIOJTHEHYE K HEMY SIBJIETCST 00benHe-
HHEM OTKPBITBHIX MHOKeCTB A . =
={tp+it 0Z},i=1,2, ..., p—1.Ecm
IPOCTBIX YHCEJ KOHEYHOE MHOKECTBO,
TO 0ObeJUHEHNE KOHEYHOTO YHC/Ia 3aMK-

HYTbIX MHOYKECTBO B= U Ap €CTb 3aMK-

HYTOE MHOKECTBO. Jhoége YKCJI0, OTJINY-
Hoe or 1 m —1, KpaTHO HEKOTOpPOMY
MPOCTOMY YHCJIy W, 3HAYWT, TMPUHAJIIE-
skut MHOKecTBY B. Craso 6Gbith, B =
=7Z\{-1, 1}. Toartomy {—1, 1} ectp
OTKPBITOE MHOKECTBO (GyIyun gomnostme-
HHMEM K 3aMKHYTOMY MHOKECTBY B), 4T0
MIPOTUBOPEYUT ONIPEJIEJIEHITIO OTKPBITOTO
MHOKeCTBa. [
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